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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
The authors propose a new model on cleavage fracture toughness of steels. Fracture toughness of steels is controlled by the 
weakest link mechanism, so it has intrinsic scatter. Beremin proposed Weibull stress through probabilistic fracture initiation 
model b sed on the weakest link theory, and it has been widely used for describing fracture toughness scatter. In his model, only 
propagation of micro crack is considered. However, micro crack nucleation should also be incorporated in order to estimate 
fracture toughness distributi n more accurately. Bordet introduced micro crack initi tion to the Beremin model, in which 
probability of micro crack nucleation is assume  proportional to plastic train. Some previous stu ies have shown, howev r, that 
micro crack nucleation probability increases non-linearly with plastic strain. Then, we developed a new probabilistic model by 
introducing micro crack nucleation probability as a non-linear function of plastic strain. 
Furthermore, the authors developed a new method for obtaining Weibull parameters, in which not only distribution of fracture 
toughness values but also location of fracture initiation sites are considered through a newly developed likelihood function. We 
conducted fracture toughness tests with different specimen configurations and carried out convergence calculation for 
determining Weibull parameters by applying the likelihood function mentioned above. As a result of the calculation, the authors 
confirmed that the present model can obtain the Weibull parameters less sensitive to the specimen configurations and simulate 
distribution of fracture toughness more accurately than the previous models. 
© 2016 The Authors. Published by Elsevier B.V. 
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2. Probabilistic fracture model 
Beremin(1983) proposed a probabilistic fracture model for cleavage fracture. In the Beremin model, active zone, 
a region in which fracture may be initiated, is divided into multiple volume elements. Each volume element was 
assumed to contain a single micro crack with diameter �. In the model, when Griffith fracture condition is satisfied 
in any one of the volume elements, cleavage fracture is assumed to occur in the whole specimen. Cumulative 
fracture probability of the whole specimen ���� was formulated as 
���� � � � ��� ���������� �
�
� (1) 
 Here, � is time. It is not physical time but represents degree of specimen deformation or fracture toughness 
parameter. ����� is Weibull stress, which is expressed as 
����� � ������ ��� ��� ����
���
�
�
���
 (2) 
Here, �V0  is number of volume elements, �  and ��  are the shape and scaling parameters of the Weibull distribution and regarded as material properties. �  is stress normal to a micro crack in a volume element but 
maximum principal stress ���� is used as �. ��, �� and �� are coordinates at the center of the �-th volume element. Cumulative fracture probability of the �-th volume element  ������ ��	 is expressed in the Beremin model as 
������ �� � � � ��� ���
���� ��� ��� ���
�� �
�
� (3) 
The Beremin model is reasonable for engineering, but only micro crack propagation is considered and micro 
crack nucleation is not considered in the model. This might be a reason why the Weibull parameters � and �� are sometimes influenced by plastic constraint of the specimen although they should be constant as material parameters. 
Bordet et al. (2005) improved the Beremin model, considering micro crack nucleation. In the Bordet model, ���� 
was formulated as, 
���� � � � ��� �����
∗ ���
��∗ �
�
� (4) 
��∗ ��� is Weibull stress derived by Bordet et al. ��∗ is scaling parameters of the Weibull distribution. ��∗ ��� is expressed as 
��∗ ��� � ��� ������
�������� �����
�
���
���
�
�
���
 (5) 
Here, �� is equivalent plastic strain. 
������ �� is expressed as 
������ �� �	� ��������∗ �
��������� �����
�
��� (6) 
Following the Bordet model, the authors propose a new model by introducing micro crack nucleation probability 
as a non-linear function of plastic strain. In the same way as the Bordet model, the authors assume that fracture 
probability of the �-th volume element from � to � � �� is expressed as, 
������ �� � �������� ���������� �� (7) 
�����  is micro crack nucleation probability and �����  is micro crack propagaton probability. The authors 
formulated cumulative micro crack nucleation probability ����� as a non-linear function of �� considering the study 
by Hiraide et al. (2015), 
2 Author name / Structural Integrity Procedia  00 (2016) 000–000 
1. Introduction 
Fracture toughness of steel is controlled by inhomogeneous microstructure, so it scatters even if specimen 
configuration, load condition and temperature are respectively identical. In the previous studies, probabilistic 
fracture initiation models are developed in order to predict scatter of fracture toughness. Beremin(1983) introduced 
Weibull stress from probabilistic fracture initiation model based on the weakest link theory, and it has been widely 
used for describing fracture toughness scatter. In his model, only propagation of micro crack is considered. 
However, micro crack nucleation should also be incorporated in order to estimate fracture toughness distribution 
more accurately. Bordet et al.(2005) introduced a stage of micro crack nucleation to the Beremin model, in which a 
probability of micro crack nucleation is assumed proportional to plastic strain. However, some previous studies 
(Shibanuma et al.(2013) and Hiraide et al.(2015)) showed from their experiments that micro crack nucleation 
probability increases non-linearly with plastic strain. The non-linearity of micro crack nucleation probability should 
be considered in the probabilistic fracture model for more accurate evaluation of fracture toughness. Thus the 
authors developed a new model in which micro crack nucleation probability is introduced as a non-linear function of 
plastic strain (Yoshizu et al.(2014)). 
On the other hand, the probabilistic parameters such as � and �� of the Beremin model are obtained by multiple fracture toughness tests in practical use of the models. Conventionally, only fracture toughness parameters; stress 
intensity factor, CTOD or J integral is referred to. Thus, the authors developed a new method for obtaining the 
probabilistic parameters. In the method, not only distribution of fracture toughness values but also location of 
fracture initiation sites are considered through a newly developed likelihood function. Referring to the fracture 
initiation sites, we can obtain more information from a single fracture toughness data set than with the conventional 
method. Therefore, with the same number of the fracture toughness tests, probabilistic parameters closer to the true 
values can be obtained by the present method. The authors confirmed the above fact by applying the present method 
to actual fracture toughness tests with different specimen configurations.   
 
 
Nomenclature 
α, β constants for micro crack nucleation probability 
�� equivalent plastic strain � stress normal to a micro crack, presently assumed equal to ���� ����  maximum principal stress ��, ��∗ , ��∗∗ Weibull stress ��, ��∗, ��∗∗ Weibull scale parameter � Weibull shape parameter 
�� �∗  fracture probability of a specimen 
� cumulative fracture probability of a specimen 
�, �∗ likelihood function 
� number of specimens 
��� number of volume elements ��� cumulative fracture probability of a volume element ��  conditional fracture probability of a volume element ����� micro crack nucleation probability ����� micro crack propagation probability � time, not physical time but degree of specimen deformation or fracture mechanics parameter 
��,	��,	�� coordinates at the center of �-th volume element 
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�∗ ��� � �∗���� ��
���������
�
�
���
 (19) 
Here, the summation is applied only to the volume elements containing �-coordinate equal to ��. By finding the parameters which maximize �∗, fracture probability distribution can be obtained. 
In the conventional method, only fractured time � is considered and likelihood function is expressed as, 
� �������
�
���
 (20) 
The present likelihood function considers fracture initiation site, too. Thus, we consider that a more accurate 
fracture probability can be obtained from the same fracture toughness test data sets with the present method than 
with the conventional method. 
4. Experiment 
Fracture tests with different specimen configurations were conducted to compare the present method and a 
conventional method. 
4.1. Material properties 
A Grade JIS SM490A ferrite-pearlite steel were used for all fracture tests. Its chemical composition and 
mechanical properties are shown in Table 1. 
4.2. Specimen configuration and Test conditions 
Specimens with two configuration, Type A and B were prepared. Specimen thickness was changed for each 
configuration to change plastic constraint near the notch root. Fig. 1 shows each specimen configurations. Fatigue 
precrack was introduced for each specimen. Fracture tests were conducted under quasi-static loading conditions, 
2mm/min, at -130°C.  
After the experiment, the authors obtained CTOD � for each specimen by applying the CTOD estimation formula 
of WES 1108 (1995), as 
� � �
��� � ���
���� �
���� � �����
���� � ��� � �� (21) 
� � ������� (22) 
� ����� � � ���� �
��
��
�
� � ��� �����
�
� � ���� �����
�
� � ���� �����
�
� � ���� �����
�
�� (23) 
Here, � is Young's modulus and � is Poisson’s ratio. � is specimen width, �� is notch depth. �� is rotation factor (� ���). �� is plastic component of the notch mouth opening displacement, and � is fracture load. On the other hand, the authors observed fracture initiation site by SEM. In the present study, only a coordinate component 
Table 1 Chemical composition and mechanical properties of the specimens 
Chemical composition (mass%) Mechanical properties 
C Si Mn P S V YP(MPa) TS(MPa) EL(%) 
0.15 0.36 1.35 0.015 0.005 0.034 415 525 30 
4 Author name / Structural Integrity Pro edi   00 (2016) 00 –000 
�������� �� � ������ ��� ��� ���� (8) 
where α and β are constants. Then, ����� can be expressed as an increment of �����. 
�������� �� � ��������� �� � ���������� (9) 
As in the Beremin model and the Bordet model, the authors assumed ����� as 
�������� �� � ��
��� ��� ��� ���
�� �
�
 (10) 
Hence, combining Eqs. (9) and (10), ��� is expressed as 
������ �� � � ���
�������� �����
�
� � �����
������
��∗∗
�������� �����
�
��� (11) 
Here, ��∗∗ is scaling parameters of the Weibull distribution. Therefore, ���� can be expressed as 
���� � � � ��� �����
∗∗���
��∗∗ �
�
� (12) 
��∗∗��� is Weibull stress derived in the present model and is expressed as 
��∗∗��� � ��� ������
�������� �����
�
��������
���
�
�
���
 (13) 
3. Formulation of new likelihood function 
Fracture probability of a specimen from � to � � ��, ����, can be expressed as, 
	���� � ��� � ��� � 	����		 (14) 
Probability that fracture initiates at the �-th volume element from � to � � �� can be obtained by multiplying ���� 
by a conditional probability ����� �� that fracture is initiated at the �-th volume element under a condition that fracture initiates from � to � � ��.	����� �� is expressed as a ratio of fracture probability on the �-th volume element to the fracture probability of the active zone. 
����� �� � ���
��� ��
∑ ������ ��
���
�
 (15) 
 ������ �� can be obtained from the increment of ������ �� as, 
������ �� � ����� � ��� �� � ������ �� (16) 
Thus, �∗��� ��, probability that the �-th volume element fractures from � to � � ��, can be obtained. 
�∗��� �� � ��������� �� (17) 
Using Eq. (17) we can define a likelihood function for combinations of a fracture toughness parameter and the 
coordinate of fracture initiation site as 
�∗ ���∗���� ���
�
���
 (18) 
� is a number of fracture toughness test results. �� is time when the �-th specimen fractured and �� indicates the volume element containing the fracture initiation site of the �-th specimen. 
However, in the present study, the authors observed only �-coodinate of fracture initiation site. Assuming that �-
coordinate of the fracture initiation site in the �-th specimen is ��, �∗ can be rewritten as, 
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Here, the summation is applied only to the volume elements containing �-coordinate equal to ��. By finding the parameters which maximize �∗, fracture probability distribution can be obtained. 
In the conventional method, only fractured time � is considered and likelihood function is expressed as, 
� �������
�
���
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The present likelihood function considers fracture initiation site, too. Thus, we consider that a more accurate 
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precrack was introduced for each specimen. Fracture tests were conducted under quasi-static loading conditions, 
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After the experiment, the authors obtained CTOD � for each specimen by applying the CTOD estimation formula 
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������ �� � � ���
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Here, ��∗∗ is scaling parameters of the Weibull distribution. Therefore, ���� can be expressed as 
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��∗∗��� is Weibull stress derived in the present model and is expressed as 
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3. Formulation of new likelihood function 
Fracture probability of a specimen from � to � � ��, ����, can be expressed as, 
	���� � ��� � ��� � 	����		 (14) 
Probability that fracture initiates at the �-th volume element from � to � � �� can be obtained by multiplying ���� 
by a conditional probability ����� �� that fracture is initiated at the �-th volume element under a condition that fracture initiates from � to � � ��.	����� �� is expressed as a ratio of fracture probability on the �-th volume element to the fracture probability of the active zone. 
����� �� � ���
��� ��
∑ ������ ��
���
�
 (15) 
 ������ �� can be obtained from the increment of ������ �� as, 
������ �� � ����� � ��� �� � ������ �� (16) 
Thus, �∗��� ��, probability that the �-th volume element fractures from � to � � ��, can be obtained. 
�∗��� �� � ��������� �� (17) 
Using Eq. (17) we can define a likelihood function for combinations of a fracture toughness parameter and the 
coordinate of fracture initiation site as 
�∗ ���∗���� ���
�
���
 (18) 
� is a number of fracture toughness test results. �� is time when the �-th specimen fractured and �� indicates the volume element containing the fracture initiation site of the �-th specimen. 
However, in the present study, the authors observed only �-coodinate of fracture initiation site. Assuming that �-
coordinate of the fracture initiation site in the �-th specimen is ��, �∗ can be rewritten as, 
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5.3. Results of calculation 
Figure 4 and 5 shows cumulative fracture probability of critical CTOD and location of fracture initiation 
estimated by the probabilistic fracture models with parameters obtained by each of the methods. Cumulative fracture 
probability estimated by the present method shows better agreement with the experimental result regarding the 
distribution of fracture initiation site while somewhat worse agreement for critical CTOD distribution. This is 
because likelihood for only critical CTOD distribution was decreased in order to maximize the likelihood for 
distribution of critical CTOD and fracture initiation site. Cumulative fracture probability estimated with the present 
model and probabilistic parameters obtained from the present method shows best agreement with the experimental 
results for distribution of fracture initiation site. 
5.4. Estimation of fracture probability with parameters obtained from other specimen 
The authors estimated fracture probability of each specimen with probabilistic parameters obtained from the 
other specimen in order to confirm that parameters obtained from the present method are less dependent on 
specimen configuration, i.e. plastic constraint. Figure 6 and 7 shows results of the estimation. As shown in Fig. 6 (a), 
fracture probabilities estimated with the present method show good agreement with the experimental results. 
However, as shown in Fig. 6 (b), the present method does not show advantage in some cases. The Bordet model and 
the present model show less dependency on specimen configuration than the Beremin model. This is because the 
effect of strain on micro crack nucleation is considered in the former two models. 
As shown in Fig. 7, distribution of fracture initiation sites estimated by the present method show good agreement, 
not influenced by specimen configuration. Especially, the present model gives an estimated distribution of fracture 
initiation site with highest accuracy. Distribution of fracture initiation site is influenced by plastic constraint. Thus, 
the authors considers that fracture probability parameters insensitive to plastic constraint can be obtained from the 
present method. In addition, the effect of plastic constraint can be decreased with the present model, in which non-
linear effect of plastic strain on micro crack nucleation probability is considered. 
    (a) Type A  (c) Type B 
Fig.5. Comparison of location of fracture initiation sites between experiment and simulation. 
    (a) Type A (c) Type B 
Fig.4. Results of CTOD tests and simulated critical CTOD. 
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corresponding to crack propagating direction of fracture initiation sites, �, was used for calculation. Example of the 
observation is shown in Fig. 2. 
 
5. Application of the present model and the present method for the experiment 
The authors applied the conventional method and the present method to results of the experiment described above. 
In the present study, the Beremin model, the Bordet model or the present model were chosen as a probabilistic 
fracture model. With each method, the authors obtained parameters of the probabilistic fracture models by 
maximizing the likelihood function for the experimental results. 
5.1. Finite element analysis 
A history of stress-strain field in the active zone is required for calculating the likelihood function. The authors 
obtained a history of stress-strain field for each specimen by elastoplastic finite element analysis. A quarter-
symmetry finite element model was used and stress-strain curves were obtained from tensile tests at -130°C, the 
same temperature with fracture tests. An example of the meshes of the finite element models is shown in Fig. 3. The 
authors used ABAQUS 6.13 for the analysis. 
5.2. Calculation condition 
In the previous study, the authors assumed that size of volume elements is cubes of 50×50×50 μm�. Active zone 
was assumed as a cuboid having length 1mm in the notch direction, width 14mm in the thickness direction and 
height 1mm in the specimen width direction at notch root, for specimen type A. For specimen type B, only width of 
a rectangular was different, which is 8mm to thickness direction. 
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 Fig.1. Geometry of CTOD specimen. 
 
Fig.3. Example of Finite Element meshes. 
 
 
 Fig.2. Observation of fracture initiation site. 
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other specimen in order to confirm that parameters obtained from the present method are less dependent on 
specimen configuration, i.e. plastic constraint. Figure 6 and 7 shows results of the estimation. As shown in Fig. 6 (a), 
fracture probabilities estimated with the present method show good agreement with the experimental results. 
However, as shown in Fig. 6 (b), the present method does not show advantage in some cases. The Bordet model and 
the present model show less dependency on specimen configuration than the Beremin model. This is because the 
effect of strain on micro crack nucleation is considered in the former two models. 
As shown in Fig. 7, distribution of fracture initiation sites estimated by the present method show good agreement, 
not influenced by specimen configuration. Especially, the present model gives an estimated distribution of fracture 
initiation site with highest accuracy. Distribution of fracture initiation site is influenced by plastic constraint. Thus, 
the authors considers that fracture probability parameters insensitive to plastic constraint can be obtained from the 
present method. In addition, the effect of plastic constraint can be decreased with the present model, in which non-
linear effect of plastic strain on micro crack nucleation probability is considered. 
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Fig.4. Results of CTOD tests and simulated critical CTOD. 
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corresponding to crack propagating direction of fracture initiation sites, �, was used for calculation. Example of the 
observation is shown in Fig. 2. 
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6. Conclusions 
The authors proposed a new method for obtaining parameters of a probabilistic fracture model. In the present 
method, locations of fracture initiation site are used in a likelihood function in addition to fracture toughness 
parameters. Moreover, a new probabilistic fracture initiation model was proposed, in which non-linear effect of 
plastic strain on micro crack nucleation probability was considered. The authors applied the present method and the 
present model to experimental results using the same material and two different specimen configuration in order to 
confirm the advantage of the present method. As a result, the authors concluded that probabilistic parameters 
obtained from the present method shows less dependency on plastic constraint than those obtained from the 
conventional method and the present model can estimate fracture probability and distribution of fracture initiation 
site more accurately. 
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Fig.7. Comparison of location of fracture initiation sites between experiment and simulation with parameters obtained from other 
specimen. 
              (a) Type A estimated with parameters from Type B        (b) Type B estimated with parameters from Type A 
Fig.6. Results of CTOD tests and simulated critical CTOD with parameters obtained from other specimen. 
